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IRRATIONAL SELF-SIMILAR SETS
QI JIA, YUANYUAN LI AND KAN JIANG
Abstract. Let K ⊂ R be a self-similar set defined on R. It is well-
known that if the Lebesgue measure of K is zero, then for Lebesgue
almost every t,
K + t = {x+ t : x ∈ K}
only consists of the numbers which are irrational or even transcenden-
tal. In this note, we shall consider some classes of self-similar sets, and
explicitly construct such t. Our main idea is from the q-expansions.
1. Introduction
Let K ⊂ R be a self-similar set [5] defined on R. Usually, K simultane-
ously contains rational and irrational numbers. Since the cardinality of K
is always 2ℵ0 (if K is not a singleton), it is natural to ask whether K only
consists of the numbers which are irrational. We give a first result on the
existence of t such that is K + t is a transcendental set or an irrational set.
Therefore, there are many self-similar sets which are also irrational sets or
transcendental sets. For simplicity, we call a set E ⊂ R an irrational set if
all the numbers in E are irrational. We say E is a transcendental set if all
the numbers in E are transcendental [1].
Proposition 1.1. Let E be a set with zero Lebesgue measure. Then for
Lebesgue almost every t, E + t is an irrational set or a transcendental set.
To find an appropriate t, one would choose some transcendental number,
for instance, the Liouville number. Proposition 1.1 implies the following
results.
Corollary 1.2. Let K1 and K2 be two self-similar sets with zero Lebesgue
measure. Then for almost every t, we have that
K1 + t and K2 + t
are simultaneously irrational sets or transcendental sets.
Corollary 1.3. Given k ∈ N+. Let E be a set with zero Lebesgue measure.
Then for almost every t,
E + it = {e+ it : e ∈ E}, 1 ≤ i ≤ k
Date: September 30, 2020.
2010 Mathematics Subject Classification. Primary: 28A80, Secondary:11K55.
1
2 K. JIANG
are simultaneously irrational sets or transcendental sets.
Although Proposition 1.1 gives the existence of t, usually it is not easy to
find explicitly such t, in particular, when K has some complicated overlaps.
Moreover, it may be much more difficult to construct a t such that K + t
is a transcendental set. As, up to now, there are few approaches that can
judge whether a number is transcendental. For instance, it is not clear that
whether e+π is transcendental. We first give a class of self-similar, and find
a uniform t such that K + it, 1 ≤ i ≤ k, (k is a given positive integer) is an
irrational set.
Theorem 1.4. Let K be the attractor of the IFS{
f1(x) =
x
q
, f2(x) =
x+ q − 1
q
}
, q ∈ N≥3.
Define
s = −
∞∑
n=1
1
qn!
.
Then
K + is = {x+ is : x ∈ K} ⊂ Qc, for any 1 ≤ i ≤ q − 2.
Moreover, if q > 4, for any
i, i+ 1, i + 2 ∈ {1, 2, · · · , q − 2},
then we have
(K + is) ∩ (K + (i+ 1)s) ∩ (K + (i+ 2)s) = ∅.
Remark 1.5. The number s is a Liouville number which is a classical tran-
scendental number. It is easy to see that K + (q − 1)s may contain some
rational numbers. We leave this to the reader. We do not know whether
each K + is, 1 ≤ i ≤ q − 2 is a transcendental set.
With similar discussion, we can prove the following result.
Theorem 1.6. Let K be the attractor of the following IFS{
fi(x) =
x+ ai
q
, ai ∈ A
}
,
where
A ⊂ {0, 1, 2, · · · , q − 1}, q ∈ N≥3.
Suppose
(1) 1 /∈ A, q − 1 ∈ A;
(2)
(A ∩ {0, 1, 2, · · · , q − 2}) + 1 ⊂ Ac.
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Then for any x ∈ K, we have
K + s = {x+ s : x ∈ K} ⊂ Qc,
where
s = −
∞∑
n=1
1
qn!
.
Remark 1.7. It is easy to find some A satisfying the second condition. For
instance, we let A be all the even numbers in A. Moreover, we may prove
that the second condition is equivalent to
|i− j| ≥ 2 for any i, j ∈ A.
This paper is organized as follows. In Section 2, we give the proofs of the
main results. In Secion 3, we pose some problems.
2. Proof of the main results
Proof of Proposition 1.1. We only prove that for almost every t, E + t is a
transcendental set. The other statement can be proved analogously. Let D
be the set of all the algebraic numbers. It is clearly a countable set.
Suppose that for some t, E + t contains some algebraic number, i.e.
D ∩ (E + t) 6= ∅.
Therefore, there exists some a ∈ D, e ∈ E such that
t = e− a ∈ E − a.
Therefore,
t ∈ ∪a∈D(E − a),
which yields that
m(∪a∈D(E − a)) ≤
∑
a∈D
m(E − a) = 0,
where m(·) denotes the Lebesgue measure. 
The proof of Corollary 1.3 is similar to Proposition 1.1. We leave it to
the reader.
Proof of Theorem 1.4. The proof is motivated by some classical techniques
in the setting of q-expansions. The reader may find many useful ideas in the
references [2, 3, 4, 6, 7].
It suffices to prove that for any
x ∈ [1− 1/q, 1] ∩K = f2(K),
we have
x+ is /∈ Q, 1 ≤ i ≤ q − 2.
(If x ∈ [0, 1/q] ∩K = f1(K), then we may consider (x+ 1− 1/q) + is.)
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If the above statement is incorrect, then we can find some
x ∈ [1− 1/q, 1] ∩K
such that
r = x+ is ∈ Q, 1 ≤ i ≤ q − 2.
We shall find some contradictions, and therefore we prove the above state-
ment. Note that x ≥ 1− 1/q > −(q − 2)s. Therefore, for any 1 ≤ i ≤ q− 2,
we have
r = x+ is ∈ (0, 1).
Since r is rational, it follows that the q-expansion of r is eventually periodic.
We denote it by
b1b2 · · · bN (bN+1bN+2 · · · bN+p)
∞
the expansion of r, where (bn) = (bN+1bN+2 · · · bN+p)
∞ means the repeat of
the block bN+1bN+2 · · · bN+p, and p is the period.
We suppose first that (bn) is ending with 0, i.e.
bN+1bN+2 · · · bN+p = 0
p.
Then by the construction of −s, the q-expansion of x = r − is, in the
sufficiently large place, has digit i ∈ {1, 2, · · · , q − 2}, which contradicts
with the assumption x ∈ K.
Given n≫ max{N, p}. Let k be an integer satisfying
n! < k < (n+ 1)!.
Then we claim that the k-th digit of (bn) should be in the set {0, q − 1}.
Otherwise, if the k-th digit of (bn) is bk ∈ {1, 2, · · · , q−2}, then the k-th digit
of x = r− is is bk (the k-th digit of −is is 0 according to the construction of
s). Therefore, there must be a carry in the k-th place. If i ∈ {1, 2, · · · , q−3},
then no matter how we choose the digits after the k-th place of r,
i+ 1 /∈ {0, q − 1}.
In other words, x /∈ K. This is a contradiction. If bk = q − 2, then by the
periodic of r, we have that the(k + lp)-th digit of the expansion of r is also
q − 2, where l ∈ N. Let l0 ∈ N be the smallest integer such that
k + (l0 − 1)p < (n+ 1)! < k + (l0 − 1)p < (n+ 2)!.
Note that the (k + l0p)-th digit of the expansion of r is q − 2. By the
construction of −s, the j-th digit ((n+ 1)! < j < (n+ 2)!) of the expansion
of −s is 0. Therefore, for the expansion of x = r − is there is a carry in
the (k + l0p)-th digit of the expansion. Hence, the only way we change the
(k + l0p)-th digit (i.e. q − 2) into q − 1 is that we let the j-th digit of r be
q − 1, where
k + (l0 + 1)p ≤ j ≤ (n+ 2)!.
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However, this is impossible as the (k + (l0 + 1)p)-th digit of the expansion
of r is also q − 2. Here the reason why we need to assume n is sufficiently
large is that under this condition we can guarantee that
(n+ 1)! < k + (l0 + 1)p < (n+ 2)!.
Therefore, we have proved that the k-th digit of the expansion of r, where
n! < k < (n+ 1)!, cannot be {1, 2, 3, · · · , q − 2}.
Finally, we prove that for any sufficiently large n, the (n + 1)!-th digit
of the expansion of r can only be q − 1 − i ∈ {1, 2, · · · , q − 2}, where i ∈
{1, 2, 3, · · · , q−2}. If the (n+1)!-th digit of the expansion of r is ℓ 6= q−1−i,
then either 1 ≤ ℓ+ i < q − 1 or
ℓ+ i > q − 1.
For both case, there is a carry in the (n+ 1)!-th place. For the first case, if
1 ≤ ℓ + i ≤ q − 3, then no matter how can choose the digit of r after the
(n+1)!-th place, we always have 1 < ℓ+ i+1 < q−1. This contradicts with
the fact x = r − is ∈ K. If ℓ + i = q − 2, then the only method which can
change q−2 into q−1 is that we let bj = q−1, where (n+1)!+1 ≤ j ≤ (n+2)!.
Since n is sufficiently large, it follows that the places between (n + 1)! + 1
and (n + 1)! + 2 must contain at lest one period of r, i.e. containing the
block bN+1bN+2 · · · bN+p = (q − 1)
p. This fact implies that the expansion
of r is ending with q − 1. Therefore, r must have a q-expansion which ends
with 0. However, this is impossible as at the beginning of the proof we have
proved it.
Now, if ℓ + i > q − 1. Then, we need a carry in the (n + 1)!-th place,
namely, we let the (n+ 1)!-th of r − is be q − 1 and add
ℓ+ i− (q − 1)
in the ((n + 1)! − 1)-th place. Therefore, in the ((n + 1)! − 1)-th place, the
digit of r− is is b(n+1)!−1 + ℓ+ i− (q − 1). Note that b(n+1)!−1 ∈ {0, q − 1},
and 1 ≤ ℓ+ i− (q − 1) ≤ i ≤ q − 2. Therefore,
b(n+1)!−1 + ℓ+ i− (q − 1) ∈ {ℓ+ i, ℓ+ i− (q − 1)}.
If
b(n+1)!−1 + ℓ+ i− (q − 1) = ℓ+ i− (q − 1) ≤ i ≤ q − 2,
then we have that
x = r − is /∈ K.
This is a contradiction. If
b(n+1)!−1 + ℓ+ i− (q − 1) = ℓ+ i⇔ b(n+1)!−1 = q − 1,
then we repeat the same process. Subsequently, we can prove that the j-th
digit of r is q − 1, where
n! ≤ j < (n+ 1)!.
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However, the places between n! and (n + 1)! always contain a period of r
which implies that the expansion of r is ending with q−1. Therefore, r must
have another expansion which is ending with 0. This is a contradiction.
Therefore, we have prove that expansion of r is as follows: if k = j! for
some sufficiently large j, then bk = q − 1− i ∈ {1, 2, · · · , q − 2}, otherwise,
bk = {0, q − 1}.
However, if (bk) has the above property, then it is not eventually periodic.
Therefore, we prove the desired result.
The last statement is trivial. If
(K + is) ∩ (K + (i+ 1)s) ∩ (K + (i+ 2)s) 6= ∅,
then K contains an arithmetic progression with length 3. However, this
is clearly impossible as the gap (deleted open interval) is bigger than the
bridge (the remaining basic interval). 
Proof of Theorem 1.6. It is easy to see that it suffices to prove the for any
x ∈ K ∩ [1− 1/q, 1]
we have
x+ s /∈ Q.
Suppose that
r = x+ s ∈ Q.
Note that
x ∈ (0, 1).
Therefore, r has an eventually periodic expansion. We denote it by
(cn) = c1c2 · · · cN (cN+1 · · · cN+p)
∞,
whereN, p are some fixed numbers. First, we suppose that the expansion of r
ends with 0. We shall find some contradiction. Therefore, this is impossible.
It is a well-known that for any m ≥ 1 and x ∈ K, then
qmx mod 1 ∈ K.
We implement this fact to our setting. Since
r − s = x ∈ K,
it follows that
qm(r − s) mod 1 ∈ K
for any m ≥ 1. Hence, we clearly have that
qN (r − s) mod 1 =
∞∑
k!≥N+1
1
qk!
∈ K.
This is a contradiction as 1 /∈ A.
Next, we shall prove the following claim: let (cn) be the eventually peri-
odic of r.
IRRATIONAL SELF-SIMILAR SETS 7
(1) If k = j! for some sufficiently large j, then ck /∈ A;
(2) If k 6= j! for any sufficiently large j, then ck ∈ A.
If we prove this claim, then it contradicts with the assumption that (cn) is
eventually periodic. Therefore, we finish the proof of Theorem 1.6.
First, we prove (2). Suppose that for some sufficiently large j with
j! < k < (j + 1)!,
we have ck /∈ A. Then the k-th digit of x = r − s is in A
c. Therefore, there
is a carry in the k-th place of the digit in the expansion of x. For simplicity,
we let the expansion of x be (dn). If this digit is strictly smaller than q − 2,
then no matter how we adjust the digits of (dn) from the (k+1)-th digit on,
we always obtain that x /∈ K. This is a contradiction. If dk = q − 2 /∈ A,
then by the periodic of r, for any k + ℓp, ℓ ∈ N,
dk+ℓp = q − 2.
Therefore, we need a carry in each k + ℓp, ℓ ∈ N place. However, this is
impossible as we need huge cost when we have a carry, i.e. since in base q,
we use the following substitution rule to handle a carry
10∞ = 0(q − 1)∞.
Therefore, if we have changed, for instance, the (k + (ℓ + 2)p)-th digit of
(dn) into q − 1, we cannot adjust (k + (ℓ+ 1)p)-th and (k + ℓp)-th digits of
(dn) into q − 1. Therefore, x = r − s /∈ K, which is again a contradiction.
Second, we prove (1) if for some sufficiently large j, k = j!, we have
ck ∈ A. By the second condition in Theorem 1.6, we know that
ck + 1 ∈ A+ 1 ⊂ A
c.
If ck < q − 1, then by the conditions
ck + 1 ∈ A
c, q − 1 ∈ A,
we have ck + 1 ≤ q − 2. Therefore, we cannot have a carry in the k-th
place. Hence, x = r − s /∈ K. This is a contradiction. If ck = q − 1, then
dk = ck + 1 = q, therefore, there is a carry in the k-th place of x. By
the second claim, we need the (k − 1)-th digit of r to be q − 1. If this is
incorrect, we have x /∈ K. We repeat this process and prove that for any
(j− 1)! < i < j! = k, the i-th digit of r is q− 1. However, since the periodic
of r is p, which is a fixed number, it follows that the expansion of r is ending
with q − 1. Therefore, r has another expansion which terminates with 0.
This is impossible as we prove this case cannot happen at the beginning of
the proof.
If we let k-th digit of x = r − s be q − 1, then by the construction of s,
we have that the i-th digit of r is q− 1, where j! < i < (j+1)!. Since k = j!
is sufficiently large, then by the periodic of r, the expansion of r is ending
with q − 1. Therefore, r has another expansion which terminates with 0.
This is impossible.
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Now, we have proved the first claim. Therefore, we finish the proof.

3. Final remark
There are many problems can be asked. We list the following questions.
(1) Can we find a uniform t such that
C1/3 + t, C1/4 + t ⊂ Q
c,
where C1/3 and C1/4 are the middle-third and middle-fourth Cantor
sets, respectively. By Corollary 1.2, we can find in theory many such
t.
(2) How can we find some explicit s such that K + s is a transcenden-
tal set. Equivalently, how can we find some self-similar set which
contains only transcendental numbers.
Acknowledgements
This work is supported by the National Natural Science Foundation of
China (No.11701302), and by the Zhejiang Provincial Natural Science Foun-
dation of China with No.LY20A010009. The work is also supported by K.C.
Wong Magna Fund in Ningbo University.
References
[1] Jean-Paul, Allouche and Michel, Cosnard. The Komornik-Loreti Constant is Transcen-
dental. Amer. Math. Monthly, 107(5):448–449, 2000.
[2] Rafael Alcaraz Barrera, Simon Baker and Derong Kong, Entropy, topological tran-
sitivity, and dimensional properties of unique q-expansions. Tran. AMS, 370(2019),
3209–3258.
[3] Karma Dajani and Martijn de Vries. Invariant densities for random β-expansions. J.
Eur. Math. Soc. (JEMS), 9(1):157–176, 2007.
[4] Martijn de Vries and Vilmos Komornik. Unique expansions of real numbers. Adv.
Math., 221(2):390–427, 2009.
[5] J. E. Hutchinson. Fractals and self-similarity. Indiana Univ. Math. J., 30(5):713–747,
1981.
[6] Pa´ul Erdo˝s, Istva´n Joo´, and Vilmos Komornik. Characterization of the unique expan-
sions 1 =
∑
∞
i=1
q−ni and related problems. Bull. Soc. Math. France, 118(3):377–390,
1990.
[7] Paul Glendinning and Nikita Sidorov. Unique representations of real numbers in non-
integer bases. Math. Res. Lett., 8(4):535–543, 2001.
(Q.Jia) Department of Mathematics, Ningbo University, People’s Republic
of China
E-mail address: 2011071018@nbu.edu.cn
IRRATIONAL SELF-SIMILAR SETS 9
(Y.Y.Li) Department of Mathematics, Ningbo University, People’s Republic
of China
E-mail address: 1911071014@nbu.edu.cn
(K. Jiang) Department of Mathematics, Ningbo University, People’s Repub-
lic of China
E-mail address: jiangkan@nbu.edu.cn;kanjiangbunnik@yahoo.com
